An empirical investigation of the interaction of sample size and discretization -in this case the entropy-based method CAIM (Class-Attribute Interdependence Maximization) -was undertaken to evaluate the impact and potential bias introduced into data mining performance metrics due to variation in sample size as it impacts the discretization process. Of particular interest was the effect of discretizing within cross-validation folds averse to outside discretization folds. Previous publications have suggested that discretizing externally can bias performance results; however, a thorough review of the literature found no empirical evidence to support such an assertion. This investigation involved construction of over 117,000 models on seven distinct datasets from the UCI (University of CaliforniaIrvine) Machine Learning Library and multiple modeling methods across a variety of configurations of sample size and discretization, with each unique "setup" being independently replicated ten times. The analysis revealed a significant optimistic bias as sample sizes decreased and discretization was employed. The study also revealed that there may be a relationship between the interaction that produces such bias and the numbers and types of predictor attributes, extending the "curse of dimensionality" concept from feature selection into the discretization realm. Directions for further exploration are laid out, as well some general guidelines about the proper application of discretization in light of these results.
INTRODUCTION
Discretization is the process of converting continuous, numeric variables into discrete, nominal variables. In the data mining realm, the discretization process is just one of a number of possible pre-processing steps that may be utilized in any given project. Other pre-processing steps may include feature selection [1] , normalization, and class rebalancing (e.g. SMOTE) [2] , among others. These data preparation characteristics combine with dataset characteristics -such as sample size, number of attributes, and types of attributes -to create a set of factors that interact to affect the final modeling outcome. These interactions constitute a poorly understood "ecosystem" of factors external to the modeling method itself (e.g. Naïve Bayes, Neural Network). Hand [3] has argued that the effort devoted to understanding this ecosystem is disproportionate to the amount of energy put into developing new methods.
Indeed, understanding these interactions and their effects may lead to comparable improvement in modeling outcomes and generalizability of models beyond development of new methods themselves.
Two critical yet empirically unanswered questions around discretization are 1) the impact of variable sample size on the discretization process, particularly entropy-based discretization that relies on patterns in the data itself, and 2) the bias introduced by discretizing within or outside of crossvalidation folds during model performance evaluation. This study attempts to empirically evaluate both of these issues. The background for both of these questions is as follows.
Previous research has identified significant interactions between sample size and feature selection affecting the overall accuracy of classifier models produced, as well as the number of features selected [4, 5] . These findings are further supported by empirical evidence from applied settings in cancer prognosis prediction [6] and biogeography [7] . This issue has been widely identified in the cancer arena as it relates to the production of "predictive gene lists" (PGL's) for use in diagnosing and treating cancer patients based on clinical and microarray data [6, 8, 9] , as well as genome-wide studies of complex traits in general [10] . In short, smaller sample sizes have been shown to undermine the consistency and replicability of both the reported accuracy and final selected feature sets in these domains [6] . Ein-Dor et al. [6] actually calculated the necessary sample sizes to produce robust, replicable PGL's as being in the thousands, not hundreds as is typically used in many genetic studies. Furthermore, the needed sample size varies depending on the number and types of features analyzed.
The effects of sample size on data mining accuracy, feature selection, and genetic/clinical prediction is thus well established in the literature. However, the relationship between sample size and discretization -particularly entropy-based discretization that relies on the data itself (described below) -is not well established in the literature. Given that entropy-based discretization methods are dependent on the data itself, it should be reasonably suspected that they may be prone to variations in dataset characteristics, e.g. sample size. The question remains as to what impact, if any, disparate sample sizes may have on discretization methods, as well as what bias may be introduced when sample sizes are small. To that end, this study focuses on the impact of sample size on one entropy-based discretization method, CAIM (Class-Attribute Interdependence Maximization, defined below), across multiple datasets (exhibiting various dataset characteristics) and classifier methods. All other aspects of modeling (e.g. feature selection) were held constant. This represents a targeted empirical evaluation intended to minimize the number of conflating factors while accounting for potential variability associated with dataset characteristics and/or classifier methods used.
As to the second question, data mining and machine learning literature over the last fifteen years has repeatedly stated that discretizing external to individual cross-validation folds may result in optimistic bias in performance results [11, 12, 13] . A thorough review of the discretization literature, including conference papers, found that these statements apparently trace back to a paper written by Kohavi and Sahami [14] , who state "discretizing all the data once before creating the folds for crossvalidation allows the discretization method to have access to the testing data, which is known to result in optimistic error rates." It is important to note that this statement has no data, evidence, or citation associated with it, although it has often been referenced in the literature over the following decade and a half. More interestingly, many papers that claim to compare discretization methods make no explicit mention of how they conduct discretization relative to cross-validation [15, 16] , nor do many of them include the baseline case of no discretization ( [12, 14] . Many of them also evaluate only one or two classifier methods [13, 14, 17, 18] , which given potential interaction between dataset characteristics and classifier methods, is concerning. As such, empirically investigating such a statement that has become accepted fact would seem an important contribution to the literature [19] .
There are many discretization methods in existence. They range from simpler methods such as equal-bins (or equalwidths, choosing a number of equal intervals and dividing the data into each one) and equal-frequency (choosing the bin size by percentage and equally dividing the data into bins by that given frequency, e.g. 25%, 25%, 25%, and 25%) to more complicated methods utilizing the class labels of the target variable to inform the cut-point values of the intervals in the predictor variable. Equal-bins and equal-frequency methods are examples of unsupervised discretization methods, while the latter approaches are considered supervised methods. Examples of supervised methods include chi-squared based methods and entropy-based methods. Chi-squared based methods use chi-squared criterion to establish cut-points by testing the independence of adjacent intervals relative to the class labels. Entropy-based methods are rooted in information theory and measure the minimal amount of information needed to identify the correct label for a given instance [20, 21] .
CAIM is a form of entropy-based discretization that attempts to maximize the available "information" in the dataset by delineating categories in the predictor variables that relate to classes of the target variable using an iterative approach. CAIM, like all entropy-based methods, works by identifying and using patterns in the data itself in order to improve classifier performance [15] . CAIM has shown promising increases in performance in the literature [15, 22, 23] .
METHODS
It can be assumed that a larger dataset in the same domain with the same feature set contains more information than a smaller dataset, within bounds (or as a case of diminishing returns). Whereas, given a random discrete variable X with values ranging (x i … x n ):
represents the principal formula of information theory -where H(X) equals the entropy value of X, p() is the probability distribution, I() is the self-information measure, b is the log base (often 2), and n is the sample size [24] . Within a sample that follows some statistical distribution or observable pattern (the aim of most data mining applications), increasing sample size will refine the probability distribution of the sample as a limit of the function of the true population size.
In other words, as the sample size approaches the true population size, the probability distribution of the sample approaches the probability distribution of the actual population. Alternatively, one can conceptualize that increasing sample size "fills in" the probability distribution, mitigating the effects of outliers and reducing the perceived "randomness" that may occur with smaller samples. Random sampling is, of course, intended to ameliorate this precise issue. However, in many domains -particularly the real-world datasets to which data mining is often applied -random sampling is often not possible or of indeterminate degree.
For the second question, we have no theoretical background as to why discretizing within or outside crossvalidation folds may bias performance results. In general, the assumption in the data mining realm is that allowing modeling processes (including pre-processing methods such as feature selection) to have access to both the training and test data will optimistically bias results. However, given that discretization processes are significantly dependent on having a true distribution from which to work (as explained in the preceding paragraph), there could be some doubt about the effectiveness of discretization when working off of partial distributions within each fold. Even when stratified, the stratification is typically based on the target variable to be predicted, rather than the predictor variables to be discretized. In fact, stratification based on the target variable may actually cause the predictor variables to not be randomly sampled respective of their distributions. Moreover, in the standard 10-fold cross validation, only one tenth of the actual data is used in each fold to measure performance. The odds that the distribution of each predictor variable in every fold would represent or even approximate the true distribution are questionable. If that is the case, then the performance results obtained may be erratic.
Table 1. Datasets Employed
This investigation involved construction of over 117,000 models on seven distinct datasets containing greater than Table 1 ). Multiple modeling methods were applied across a variety of configurations of sample size and discretization, with each unique "setup" being independently replicated ten times in order to produce a sample distribution of performance results. Test/Training datasets were extracted varying in sample size (n=[(50, 100, 200, 400, 700, 1000]) with stratification; any remaining instances were held out as a true "validation set". Five classification methods were employed including Naïve Bayes [20] Multi-layer Perceptron neural networks [20] , Random Forests [25] , Log Regression, and K-Nearest Neighbors [26] . Additionally, ensembles were built using a combination of these same methods by employing forward selection optimized by AUC (Area Under the Curve) [27] . Voting by Committee was also performed with those same five methods as well, based on maximum probability [28] . In total, seven unique classifier methods were utilized. Modeling was performed using Knime (Version 2.1.1) [29] and WEKA (Waikato Environment for Knowledge Analysis; Version 3.5.6) [20] .
Discretization was handled either by pre-sampling (Pre-CAIM, where discretization had access to all data, including the validation set), post-sampling external to cross-validation (Post-CAIM, access to test/training data only), or post-sampling within the cross-validation folds (Within-CAIM, access to training data only). A baseline setup was also performed with no discretization (No-CAIM). Examples can be seen in Figure 1 . It is of critical importance to note that for each of the ten replications of the experiment, the whole process was performed from scratch [20] . For instance, for pre-sampling (Pre-Caim) of sample size 400: 1) 400 instances were sampled via stratification, 2) the rest of the samples were held out as an independent validation set, 3) CAIM was applied to the 400-instance sample, 4) classifier models for each of the seven aforementioned methods were constructed on the 400-instance sample and performance measured using 10-fold cross-validation, 5) the CAIM model derived from the 400-instance sample was applied to the validation set, 6) each of the seven classifier models were applied to the validation set and performance measured. These six steps constitute one replication, which was then repeated from the beginning ten times. Each set of ten replications was performed for each combination of sample size (n=50,100,200,400,700,1000) and discretization, including a baseline setup with no discretization.
Performance was then measured via accuracy and AUC (area under curve) via 10-fold cross-validation [20] . Models built using this test/training data were then applied to the validation set to measure actual performance. All models were evaluated using multiple performance metrics, including raw predictive accuracy; variables related to standard ROC (Receiver Operating Characteristic) analysis, AUC, the true positive rate, and the false positive rate [30] ; and Hand's H [31] . The data mining methodology and reporting is in keeping with recommended guidelines [3, 32] , such as the proper construction of crossvalidation, testing of multiple methods, and reporting of multiple metrics of performance, among others.
For pre-processing, the target variable in each dataset was re-labeled as "Class" and re-coded to 1 and 0 (the majority class always being 1). It should also be noted that for two datasets -Abalone and Wine Quality -the original target variable was an integer and was thus z-score normalized and converted to a binary variable using a plus/minus mean split. The consequences and assumptions of reduction to a binary classification problem are addressed in Boulesteix et al. [8] , noting that the issues of making such assumptions are roughly equivalent to making such assumptions around normal distributions. Additionally, for the Yeast dataset with a multi-class target variable, the target variable was converted to a binary variable as the most common label ("CYT") versus all others. For all continuous predictor variables in each dataset when CAIM was performed, they were first zscore normalized, then discretized via CAIM using the class target variable.
Each of the seven datasets was evaluated across 6 different sampling sizes and seven different modeling methods, across 4 discretization setups (Pre-CAIM, Post-CAIM, Within-CAIM, No-CAIM), equating to 1176 "tests" per dataset. As each "test" was replicated 10 times, the total was 11,760 tests. As the focus here is on evaluating sample size performance, rather than individual dataset performance, an alternative conceptualization is that for each replicate of the 6 sample sizes, there were 147 "tests" per sample size (7 datasets times 7 modeling methods across the 4 discretization setups). There were 10 replicates and 6 sample sizes, equating to a total of 11,760 tests (the same as above). Factoring in the 10-fold cross-validation, there were essentially 117,600 total models constructed during the experimental phase, though in reality this is an underestimate due to the use of ensemble and voting methods.
RESULTS
The overall results across all methods and datasets are summarized in Figure 2 and Figure 3 . Figure 2 shows the pattern of AUC by sample size by the four discretization methods (Pre-CAIM, Post-CAIM, Within-CAIM, and No-CAIM) based on cross-validation performance of the training/test data. Figure 3 shows the performance of the exact same models on the validation set for each of those four discretization methods. The results clearly show an over-optimistic bias in terms of AUC when CAIM is used to discretize a small sample of just a few hundred samples (Pre-CAIM). When either no discretization is used (No-CAIM), or discretization is applied to the entire dataset prior to selecting the smaller sub-sample (Post-CAIM), there is no Figure 2 shows that when the models were applied to an independent validation set, the effect of applying CAIM to a small sample size in any scenario is mitigated. Additionally, Figures 2 and 3 show the effect of discretizing within cross-validation folds. There is clearly a negative bias in terms of performance. When those same models are applied to the validation set, the bias is non-existent. In other words, applying discretization within cross-validation appears to result in incorrect estimates of performance and under-report actual true performance.
Detailed results of cross-validation averaged across all modeling methods and datasets are shown in Table 2 .
Table 2. Cross-Validation Results
A separate question is whether CAIM still improves performance over No-CAIM when done externally (e.g. Post-CAIM), as suggested by Kurgan and Cios [15] . Table 2 shows a more detailed view, including standard deviations. Comparing No-CAIM and Post-CAIM based on cross-validation performance seems to suggest some slight improvement (.04 AUC) that diminishes with increasing sample size. However, this slight improvement is diminished to .01 or less across all sample sizes when applied to the validation set. At larger sample sizes (n=700 or greater), the difference between cross-validation and validation set performance is minimal. Given the poor performance of models constructed via CAIM discretization within crossvalidation folds, it is unclear whether CAIM discretization actually improves performance or not, and if so under all circumstances.
In terms of the interaction of sample size and CAIM discretization with regards to specific datasets and/or modeling methods, the patterns relative to the various discretization methods were mostly consistent across modeling methods. However, there was more significant variability in the patterns across datasets. The results using AUC can be seen in Tables 3  and 4 . Of note, one can observe the consistency in differences between AUC across modeling methods for Pre-CAIM and Post-CAIM at both n=50 and n=1000 in Table 3 . These results suggest -at least for the datasets and methods used -that no modeling method is immune to the interaction bias derived from small sample size and CAIM discretization. Table 4 shows the effect for each individual dataset by AUC. There is significant variability here. However, referencing Table  1 , we can observe that the 3 datasets with significantly higher discrepancies in Pre-CAIM and Post-CAIM between n=50 and n=1000 (Gamma, Wine Quality, and Yeast) are all datasets with completely numeric predictors. In other words, all features in that dataset were discretized by CAIM. These 3 datasets all show a roughly .2-.24 discrepancy in AUC at the n=50 sample size. In contrast, datasets with at least one categorical variable (Abalone, Adult, and Contraceptive) range between .02-.08 in terms of AUC at the n=50 level. The remaining dataset (Spambase) is around .05, and though it has some integer variables, it has no categorical variables. It may be that its high overall AUC (~.96 across all instances) limits the range of variation. It's also possible that the reduced number of "unique" values in the integer variables has some impact on the entropy-based discretization process. However, neither of those possibilities can be confirmed nor refuted based on only one dataset. Also, of note, across the 3 datasets containing categorical variables, there was no clear relationship between the number of categorical variables and the impact of CAIM on the discrepancy in AUC between n=50 and n=1000. Again, with only 3 datasets, it is difficult to draw firm conclusions, but this may present an opportunity for further empirical examination.
An additional question is whether the impact of discretizing within or outside of cross-validation folds varies by dataset and/or modeling method, including across varying sample sized. Results are shown in Tables 5 and 6 , comparing Within-CAIM and No-CAIM at both n=50 and n=1000. As can be seen, there is significant variability across datasets and modeling methods. Bias in modeling methods ranges from .04 to -.14 AUC. For the most, it is negative, except for KNN. The bias is fairly consistent across sample sizes, except for Log Regression and MP Neural Networks. Voting based on maximum probability by far suffers the greatest degradation in performance. Across dataset, the impact is highly variable, ranging from .03 to -.2 AUC. The datasets with the greatest impact (Gamma and Yeast) are both datasets with completely numeric predictors. However, the other dataset with completely numeric predictors (Wine Quality) had virtually no difference in performance between Within-CAIM and No-CAIM at n=50, and only a moderate difference at n=1000. The results shown in Table  5 and 6 appear to be highly erratic. This unpredictability complicates any consistent interpretation.
DISCUSSION
An empirical investigation of the interaction of sample size and discretization methods was performed, utilizing a replicate-based study to produce a sample distribution [20] . This analysis revealed a significant impact of sample size on discretization, in particular the entropy-based method CAIM [15] , leading to optimistic bias in performance metrics at lower sample sizes. Previous research has revealed the interaction of sample size with data mining accuracy, feature selection, and genetic/clinical prediction [1, 5, 6] , but the interaction with discretization methods is equally important. Without careful consideration of this interaction, researchers may obtain incorrect performance metrics for constructed models. It is thus important to be cognizant of this factor when considering modeling and study design.
Additionally, the results revealed a significant negative bias when discretization was performed within cross-validation folds relative to the validation set. In other words, performing discretization within cross-validation folds appears to risk underreporting performance results. This runs contrary to previous assertions in the literature (for which no empirical evidence has been provided or published), that discretizing external to crossvalidation folds optimistically biases performance [14] . When examined across modeling methods and datasets, the pattern of bias was highly erratic. The lack of a predictable pattern of impact complicates an interpretation of how such an impact may affect a given data mining experiment and its results.
This interaction between sample size and discretization was consistent across modeling methods -i.e. no classifier was immune. Datasets presented more variability depending on the types (categorical, binary, continuous) and numbers of predictor attributes. However, the precise nature of the interaction between specific types and numbers of attributes and its effect on CAIM and/or discretization in general needs closer examination across a larger number of datasets and/or discretization methods. In the context of this study, it can be determined that such an interaction exists, but its behavior relative to the characteristics of specific datasets remains to be explicitly defined.
There are numerous limitations to this study, many of which demand further research. Only seven datasets were used, and only one specific discretization method was evaluated (results may or may not generalize to other discretization methods, even other entropy-based ones). For the former, this was due to constraints being placed on the datasets (e.g. n>1000) in order to vary sample size and still have a validation set. For the latter, this was due to the experimental intent to hold as many aspects of the study constant while varying other aspects such as sample size, discretization timing within the workflow, and modeling method. For the same reason, feature selection was also not employed, but there may be some yet understood interaction between discretization, feature selection, and/or other dataset characteristics (e.g. sample size) or modeling processes (classifier method employed).
In short, until we understand the interaction of the different components of the modeling ecosystem, any attempts to "compare" different aspects of individual steps may or may not generalize to broader scenarios (such as when different classifier methods are employed). This study is a step, albeit a small one, in that direction.
Additional discretization methods must be evaluated. Moreover, the individual datasets selected from UCI Machine Learning Library may or may not be representative of the entire universe of possible datasets. Re-analyzing these results, either in part or in whole, with other datasets may be informative, although computational time and complexity will limit the reach of any one study.
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